CAPITULATION FOR LOCALLY FREE CLASS GROUPS OF ORDERS 
OF GROUP ALGEBRAS OVER NUMBER FIELDS 



CORNELIUS GREITHER AND HENRI JOHNSTON 



Abstract. We prove a capitulation result for locally free class groups of orders of group 
algebras over number fields. This result allows some control over ramification and so as a 
corollary we obtain an "arithmetically disjoint capitulation result" for the Galois module 
structure of rings of integers. 

1. Introduction 

Let K/F be a finite Galois extension of number fields witli Galois group G. A natural 
problem that arises in Galois module theory is that of determining whether the ring of 
integers Ok is free as a module over the associated order 

Ak/f := {x G F[G] I x{Ok) C Ok]- 

One tool that has been used with some success is that of the locally free class group (see ^ 
for an introduction). 

Now let F be a number field and H be its Hilbert class field. It is well-known that every 
ideal of Op becomes principal or "capitulates" m Oh- In other words, the natural map 
C[{Op) — >■ G[{Oh) is trivial. The main theorem of this paper is an analogous result for 
certain locally free class groups that allows some control over ramification (though unlike 
the case of the Hilbert class field, our construction is far from canonical). As a corollary, 
we obtain an "arithmetically disjoint capitulation result" for the Galois module structure of 
rings of integers (see [F, III. 2. 13] for the definition of arithmetical disjointness). Our results 
are precisely stated as follows. 

Theorem 1.1. Let G he a finite group of exponent n and let F he a numher field containing 
a primitive n-th root of unity (n- Let S he any finite set of finite primes of F. Then there 
exists a finite extension L/F unramified at the primes of S such that for any Op-order A 
with Of[G] ^ a F[G], the natural map hetween locally free class groups 

Cl{A) ^ Cl(^ Ol), [M] ^ [M Ol] 

is trivial. 
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Corollary 1.2. Assume the notation and setting of Theorem Let K he any Galois 
extension of F with GaX{K/F) = G such that 

(i) K/ F is unramified at all finite primes outside S; 

(ii) K/F is linearly disjoint from L/F; and 

(iii) Ok is locally free over the associated order Ak/f- 
Then Olk = Or ®Of is free over Alk/l = Ar/f <^Op Ol- 

Remark 1.3. It must be noted that a capitulation result for finite-dimensional semisimple F- 
algebras can be deduced from work of Jacobinski (see [3 Satz 7]); the authors are indebted to 
the referee of an earlier less general version of this paper for bringing this to their attention. 
However, the crucial difference with Theorem 11.11 is that Jacobinski's result does not give 
any control over ramification. Also, the construction of the capitulating extension given here 
requires fewer steps than that given in [7J. 

Remark 1.4. There are infinitely many possible choices for L in Theorem II. 1[ In fact, by 
enlarging the set S appropriately, one can construct an infinite collection of possible choices 
for L in which (the normal closures of) any two elements only have intersection equal to 
some extension of F that is unramified at all finite primes. 

Remark 1.5. Condition (ii) of Corollary 11.21 follows from condition (i) if we further assume 
that for every K' with F C. K' <0 K, the extension K'/F is ramified at one or more finite 
primes. In particular, this is true for all extensions K/F with Galois group G, provided G 
is soluble, F is totally complex (which must be the case if n > 2) and the class number of F 
is relatively prime to n. 

Remark 1.6. Let K/F be a finite Galois extension of number fields with Galois group of 
exponent n. If F does not contain a primitive n-th root of unity (n, it is possible to first pass 
to the extension K{(n)/ F{(n) and then (assuming that the appropriate hypotheses hold) 
apply Theorem 11.11 and Corollary 11.21 so that there exists an extension L/F{(n) such that 
Olk is free over Alk/l- However, by adjoining C„ it may be impossible to avoid a situation 
in which L/F and K/F are not arithmetically disjoint or even linearly disjoint, and so one 
could have [LK : L] = [K{Cn) ■ i^(Cn)] < [K : F]. 

Remark 1.7. There is no "arithmetically disjoint capitulation" for finite Galois extensions of 
p-adic fields. This is stated for the abelian case in P, Proposition 1(b)], but the proof given 
is also valid for the non-abelian case. A straightforward argument then shows the following 
global statement: if K/F is a finite Galois extension of number fields such that Or is not 
locally free over the associated order Ar/f, then there exists no extension L/F arithmetically 
disjoint from K/F such that Olr = Or ®Of is free over Alr/l = -^k/f ®Of ^l- 

Remark 1.8. By Noether's Theorem (see [9]), Or is locally free over Ar/f at all primes 
at which K/ F is at most tamely ramified. Hence as a special case of Corollary II. 2[ we 
have a sharper version of Ichimura's capitulation result for relative normal integral bases 
of abelian extensions (see [B]). For primes at which K/F is wildly ramified, it is not so 
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straightforward to determine whether we have freeness for the corresponding extension of 
j9-adic fields. However, Lettl has shown in [8] that we always have freeness for absolutely 
abelian extensions of p-adic fields. For more on the general p-adic case, see [1]. 

Remark 1.9. There is an analogous version of Corollary 11.21 for the Galois module structure 
of G-invariant ideals of O^. For such an ideal /, we consider its structure as a module over 
Ak/f{I) '■= G F[G] I C /} and apply Theorem II. II as before. 

Remark 1.10. With a little extra work, one can formulate and prove a similar capitulation 
result for Op-oideTS in arbitrary semisimple F- algebras of finite dimension. However, the 
main arithmetic application is in the special case of group algebras where the hypotheses on 
F in Theorem 11.11 are easier to handle; in particular, it is easy to see which roots of unity 
must be contained in F. 

Proof of Corollary Conditions (i) & (ii) and the fact that L/F is unramified at the 
primes of S imply that Ol and Ok are arithmetically disjoint over Op, i-e. Olk = Ok ®Of 
Ol (see [51 III.2.13]). From this it is straightforward to show that Alk/l = Ak/f ®Of ^l- 
By Theorem II. 1| we see that the class of Olk is trivial in CI{Alk/l)- This implies that 
the locally free ALK/L-'^odule Olk is stably free. Since L contains a primitive n-th root of 
unity, the Wedderburn decomposition of the group algebra L[G] is of the form ©|^^ Mat^, (-^v) 
and so L[G] satisfies the Eichler condition relative to Ol (see [lOl Definitions 34.3 and 38.1]). 
Therefore a result of Jacobinski (see [TUj Theorem 38.2], for example) shows that Olk is in 
fact free over Alk/l- D 

2. Capitulation for Maximal Orders 

We first prove a special case of Theorem 11.11 which will later allow us to perform an 
important reduction step in its proof. We require the following result. 

Proposition 2.1. Let r G N, let F be a number field and let O = Op denote the ring of 
integers of F. For each ideal a of O, let 

( O ■■■ O \ 

A 



O ■■■ O 
V a ■■■ a O ) 

denote the ring of all r x r matrices [xij) where xu ranges over all elements of O, . . . , xir 
ranges over all elements of a~^, and so on. (For r = 1, we take A^^r = O.) Then Aa^r is a 
maximal O -order in Matr{F) and every maximal O -order in Ma.tr{F) is isomorphic to one 
of this form, for some ideal a of O. 

Proof. This is a special case of pjO, Corollary 27.6]. □ 

Proposition 2.2. LetG be a finite group of exponent n and let F be a number field containing 
a primitive n-th root of unity (n- Let H be the Hilbert class field of F and let J^f[g] be any 
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maximal Op-order of F[G]. Then Mh[g] '■= Mpic] ®Of = ©f=i Matr.(0//) for some 
ri,s e N, and so is a maximal Ou-order of H[G]. Furthermore, the natural map between 
locally free class groups 

9 : C\{Mf^g]) ^ G\{Mh[g]), [M] ^ [M Oh] 

is trivial. 

Proof. As F and H both contain a primitive ra-th root of unity, the Wedderburn decomposi- 
tions of the group algebras F[G\ and H[G\ are of the forms MaX^ (F) and (Bf^i Mat^ (H), 
respectively. Henceforth abbreviate M.f[g] and J^h[g] to and A4', respectively. By 
Proposition 12.11 we have M. = ©i=iA(j. for some ideals Oj of Op- Identifying A4 with 
®t=iK,n, let Mi = Aa„r, and M'^ = A4i Oh = ^{a,OH),n- Then M' = ©tiA<- and 
since each ideal aiOn is principal, we have A^^ = Mat^, Hence Ai'^ is a maximal 

OH-order of Ma.tr (H) for each i by Proposition 12.11 and so A^' is a maximal On-ordeT of 
H[G]. 

Showing that 6 is trivial is equivalent to showing that each component 

: a(Al,) ^ C\{M'^, [N] ^ [N Oh] 

is trivial. Fix i and let Ni be a locally free Aij-module (of rank t for some t G N). It suffices 
to show that Oh is a free Al^-module (of rank t). 

We shall now assume some basic facts on Morita equivalence ([TOl Chapter 4] contains 
the relevant material; note for later use that for every commutative ring S and n G N, 
the matrix ring Mat„(S') is Morita equivalent to S", since it is the S'-endomorphism ring of 
the free module 5"). For a ring i?, let Mod(i?) denote the category of finitely generated 
projective i?-modules. We have the following diagram 

Mod(Oi.)^^ Mod(Ali) 



Mod(C^^) Mod(Ai^ 

(where a and 7 are the Morita functors, and (3 and 5 are both the — ®Of Oh functor), which 
commutes up to natural equivalence. First note that Ni is A^j-projective, locally free of rank 
t. Thus a{Ni) is Oi^-projective, locally free of rank Tit and so (3{a{Ni)) is O/^-free of rank 
Tit. Finally, since (3{a{Ni)) = ®%^Oh and M[ = MatrXOn), the Morita functor 7 maps 
P{a{Ni)) to a module isomorphic to (B^j^iMatrXOn), and so S{Ni) = 7(/5(a(Aj))) is a free 
At ^-module of rank t. □ 

3. Capitulation for Units 

In this section, we prove a "capitulation result for units". The key idea in the proof of 
Theorem 11.11 is to combine this with the fact that the kernel group of the locally free class 
group can be described in terms of units. 

The following uses and develops some ideas from [6l Lemma 8] and [3l Lemma 3.1]. 
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Proposition 3.1. Let F be a number field and let m be any positive integer. Let u G Op 
be any element with {u,m) = 1. Then there exists a finite extension L/F unramified at all 
prime divisors of m such that there exists e G with e = u mod m. 

Proof. The hypothesis that {u, m) = 1 shall be used throughout without any further mention. 

Let if: G N such that = 1 mod m^. Without loss of generality, we can assume that m 
divides t and t > m + 4. There exist elements a, 6 G Op such that 

au + bm = . 



m 

Putting c = a — m*~^ and d = bm + m*""^, we have 

(1) cu'-' + dm'-' = . 

m 

We see that m divides c because m divides both dm*~' and (1 — u')/m. Furthermore, 
(d, m) = 1 since d = bm + 

Let 9 = 9i,92, . . . ,9t he the roots of the polynomial 

f{X) = X* + cX'-' - + uX"'+' + de Of[X] 

and let L = F(9). Then we have 

t 

Wiu - m9i) = m'f{u/m) = u' + mcu'-' - mm*-(™+2)^m+2 ^ ^^t-im+i)^m+i ^ ^^t 
1=1 

= -u* + mcu'~' + dm' = m* + m{cu'~' + dm'~') = m* + (1 — m*) = 1, 

where the penultimate equality is due to ([T]). Therefore, e = u — m9 G and e = u 
mod m. 

Now let p be a prime of Op dividing m. The formal derivative of f{X) is 

f'{X) = tX'-' + c{t - - (m + 2)mX'"+^ + (m + 

However, p divides m, and m divides both t and c, so we have 

f'{X) = mX™ mod p . 

Note that u ^ mod p. Hence X = is the unique root of f'{X) mod p. However, 
/(O) = d ^0 mod p since {d,m) = 1. Therefore f{X) and f'{X) have no common roots 
mod p and so L/F is unramified at p. □ 

Remark 3.2. The construction of L in the above proof is far from canonical. An interesting 
but apparently difficult question is whether L/F can always be taken to be relatively abelian. 

Corollary 3.3. Let F be a number field and let m be any positive integer. Then there exists 
a finite extension L/F unramified at all prime divisors of m such that the natural map 

{Op/mOpY {Ol/ttiOl) 



\ X 



X ^ 
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with : Op (Op/mOp)^ and ip : — > {Ol/itlOl)^ the natural projections, is trivial. 



4. Proof of the Main Theorem 
We now bring together the results of the previous two sections to prove the main theorem. 



Proof of Theorem \l.l{ Let Aip\G] be a maximal Op-oidei containing A and let H be the 
Hilbert class field of F. Let B = A^Of and Mh[g] = Mp[g] Oh- Note that Mh[g] 
is a maximal On-OTder in H[G] by Proposition 12. 2[ Since Oh is projective over Op, the 
functor — is exact. Hence we have the following commutative diagram 



0- 



Cl(^)- 



C\{M 



F[G\} 



0- 



Cl 



G\{Mh[g\] 



where D(.4.) := ker5, T){B) := kere:, and and 7 are the maps induced by — ®Of ^h- 

The map 7 is trivial by Proposition 12. 2^ and so we have l3{Cl{A)) C Hence we are 

reduced to showing that there exists an extension L/H unramified at all primes in S such 
that natural map 

BiB) BiB ®Ou Ol) C C\{B ®On O^), [M] ^ [M ®o„ O^] 

is trivial. 

We henceforth abbreviate Mh[g] to M. By Proposition l2.2l we have M = 0-=i MatrXOn) 
for some r^, s G N. Let m G N be a multiple of IGI that is divisible by all the primes in S. 
Note that mM C B. 

We now assume some basic facts from K-theory (for an introduction, see |2j). We have 
the following Milnor square 

B 



B/mM- 



'M/mM 



where the horizontal arrows are the natural inclusions and the vertical arrows are the natural 
projections (note that this is a special case of a fiber product). By [2l p. 242] (with A = 
;B, r = A^, A = B/mAi and P = Ai/mAi) we have the following exact sequence 

Ki(A^) X KiiB/mM) ^ Ki{M/mM) ^ D(S) ^ 

where d is given by the Milnor patching process and is described explicitly in the proof of 
Milnor's Theorem [2], Theorem 42.13]. By Morita equivalence, this becomes 



M^UOh) X KliB/mM) Kii®UiOH/mOH)) ^ D(i3) 0, 
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which can be rewritten as 

(n:=i O-^) X K,{B/mM) ^ iUUiOH/mOHr) B{B) ^ 0. 

Note that restricted to (11^=1 ^h) just the natural projection and 0(ni=i ^h) — ker9, 
giving a surjection 

By Corollary 13.31 there exists an extension L/H unramified at all prime divisors of m (in 
particular, at all primes in S) such that if / : Y[i=ii^H/^OH)^ Y[i=ii^L/mOL)^ is the 
natural map, then the induced map 



■ 11 rhin'^A 11 



X 



is trivial (</> and ip are the natural projections). 

The functor — ®Oh is exact because is projective over Oh- Defining B' = B®Oh 
and Ai' = M. ®Oh C^l, we therefore have a second Milnor square 

B' ^M' 



B'/mM'- 



-M'/mM' 



where again the horizontal arrows are the natural inclusions and the vertical arrows are the 
natural projections. The two Milnor squares can be "glued together" using the base change 
maps B B', etc. to form the following commutative cube. 




M/mM 



B'/mM' 



M'/mM' 
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Moreover, the Milnor patching process can easily be shown to commute with base change. 
Hence we have a commutative square 



UUiOH/mOH) 



d' 



where d' is defined analogously to d and h is the map [M] 
the following diagram commutes as well. 



[M ®Oh ^l]- Consequently, 



n 



i=l 



mil) 



D(i3) 



As g is surjective and / is trivial, this implies that h is trivial, which is exactly what we 
wanted to show. □ 

5. NoN- Capitulation 

As a complement to our results on capitulation, we make the following easy observation. 

Proposition 5.1. Let F he a number field, G he a finite group and A be any Op-order with 
C>f[G] C ^ C /^[G]. Let N be a finitely generated locally free A-module and denote the 
order of the class [N] in Cl(^) by o{[N]). Suppose that L/F is a finite extension such that 
o{[N]) \ [L : F] and Ol is free over Op- Then [N] is not in the kernel of the map 

Cl{A) ^ Cl(^ (S)o^ Ol), [M] ^ [M ®o, Ol] . 

Proof. Suppose that [A^ (S)Of Ol] is trivial in C\{A®Of Ol)- Then A^ ®Of Ol is stably free 
over A ®Of Ol and so there exist n, m G N such that 

{A ®Of Ol)"" ® {N ®Of Ol) = {A ®Of OlT^"^ as {A ®Of CL)-modules. 

Then restricting coefficients gives 

{A ®Of OlT © ®Of Ol) = (A 0^)"+™ as ^modules. 

Since Ol is free over Oi?, we have 

j^n[L:F] ^ j^[L:F] ^ ^(n+m)[L;F] ^.jnoduleS. 

Hence [A^]'-^--^! is trivial in Cl(^), contradicting the hypothesis that o([A^]) f [L : F]. □ 

Corollary 5.2. Let F, G and A be as in Proposition \5.1[ Let L/F be a finite extension 
such that {[L : F],\ Cl(^)|) = 1 and Ol is free over Op. Then the map 

C\{A) ^ Cl(^ ^Of Ol), [M] ^ [M ®Of Ol] 
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is injective. 
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